Selection of appropriate link function for binary regression remains an important issue for data analysis and its influence on related inference. We prescribe a new data-driven methodology to search for the same, considering some popular classification assessment metrics. A case-study with World Happiness report,2018 with special reference to immigration is presented for demonstrating utility of the prescribed routine.
Introduction
"Happiness is the joy that we feel when we're striving after our potential." -Ancient Greek World
In 1979, at Bombay Airport, the King of Bhutan, Jigme Singye Wangchuck, replied to a query from one Indian journalist that, " We do not believe in Gross National Product because Gross National Happiness is more important ". This was the beginning of the great philosophy as reported by Tashi Dorji, in his famous article," The story of a king, a poor country and a rich idea "-in 2012 (see Dorji, 2012) . UN started to follow this philosophy and as a result the Sixth World Happiness Report of 2018 since 2012 on the basis of Gallup World Poll(GWP) Data 2005-2017, being published. World Happiness Index measures the happiness level of the 156 countries and ranks them accordingly. Among these 156 countries, this report includes the happiness ranking of 117 countries on the basis of immigration (see Helliwell, 2018) . This report considered a Cantrill Ladder (an imaginary ladder with 0 to 10 steps from bottom to top indicating the increasing level of happiness with higher steps) to measure the level of happiness. Parameters viz. Life Ladder, Log GDP per capita, Social support, Healthy life expectancy at birth, Freedom to make life choices, Generosity, Perceptions of corruption, Positive affect(the average of previous-day affect measures for happiness, laughter, and enjoyment), Negative affect (the average of previous-day affect measures for worry, sadness, and anger), Confidence in national government, Democratic Quality and Delivery Quality, for better understanding of well-being are also reported country-wise.
Nowadays glocal world is experiencing the wave of heavy migration. People have migrated to different countries due to different reasons according to their perceived level of aspiration. The primary question, while deciding to migrate to a new country with new environment, society, culture, habits and unknown people surrounding, what will be the best choice for destination? How one can decide the place of destination, which suits him/her best?
From statistical perspective of this study, happiness score is the concerned response variable and the various parameters mentioned above are covariates. Chapter 2 of World Happiness Report(2018) focuses on international migration. In statistical appendices of this chapter, pooled ordinary least square regression is performed for assessing the impact of each covariate on the response. It is to be noted that, the response variable here is score on an ordinal scale and thus it does not comply with the usual assumptions of ordinary least squares. A more technically correct thing would be to categorize each country into two categories: happy or unhappy based on the score and perform binary regression for the same purpose as reported in the mentioned statistical appendices while this will result in marginal loss of information in response variable. This being said, categorization of ordinal response is one way-out for drawing statistically correct inference. Question remains: why two categories? Choice of number of categories is not rigid but while doing this, natural intuition leads one to the dichotomy of happiness and unhappiness. Extension to more than two categories may make the physical interpretations clumsy. For performing binary regression, many link functions are available in literature both symmetric (e.g probit link) and asymmetric (e.g complementary log-log) but only some are popular. For details on binary regression and use of link functions, see Cox(2018) and Agresti and Kateri(2011) . The choice of proper link function is important as mis-specification of the same might have adverse effect on inference and prediction. Some notable attempts for making a statistical choice for the appropriate link function can be found in Czado and Santner(1992) , Huettmann and Linke(2003) and Jingwei(2014). In the current work we consider cross-validation based approach along with a number of important assessment indices to get a data-dependent choice of link function. Cross-validation based approaches are taken up in this work in view of the prediction purpose of binary regression modelling. We analyze multiple data-sets from the same context to find out the appropriate choice of link function and refrain from reporting the significance of individual covariates which was easily done once the suitable link was established. We hope from the best fitted model we can improve the decision of choosing the country and increase the level of confidence of the immigrant that will be effective for living a good life with increasing potentiality for mankind. Motivation behind working with this data-set:
• Reliable, collected by a proven survey-group.
• With moderate to large number of observations, cross-validation and thus the prescribed routine performs well. Thus, demonstration of the routine by considering this data-set is valid.
• "Happiness", in its true sense is a determinant of immigration.
• Happiness index is the most talked after indicator in recent times.
In the next section we formulate the statistical problem associated with the data-set. In section 3, we briefly discuss different assessment metrics used in this paper. Section 4 discusses two important cross-validation schemes. Then we present a note on the concerned survey and nature of covariates present in the study. In section 6, construction of working data-sets and findings from numerical results are given. We finish with a short discussion on relevance and scope of the study. Relevant tables are are provided in appendix.
Formulation of the problem
Suppose, data on n different countries where, the response variable (S i ) for i-th country along with k covariates (z i ) are given for i = 1, 2, ..., n. As mentioned in section 1, the response S is ordinal and it is a well known fact that, such responses cannot be modelled efficiently with usual linear and generalized linear models (see Crichtonn and Hinde, 1992) . Thus, with some fixed threshold t we consider,
which is a reflection of two contradictory latent forces viz. X and Y as follows:
If we take U = 1 as success, a natural interpretation for X would be the positive force and Y would be the negative force. Latency of X and Y prevents one from directly modelling (X, Y ). The set of covariates is naturally partitioned into z 1 and z 2 , the former influencing X and the latter Y .
Our interest here is to explore and investigate the possibilities of modeling of unobserved X and Y . One can assume both to follow independent normal, logistic, cauchy or extreme value distribution among others. The problem of choosing appropriate model is equivalent to that of choosing link function for binary regression where, P (U i = 1) is modelled as:
where, β is the vector of parameters and F −1 is a link function induced by the assumed common latent stress-strength distribution F . In this study, we consider the following four link functions as:
• Probit link: F is cdf of standard normal distribution.
• Logit link: F is cdf of standard logistic distribution.
• Cauchit link: F is cdf of standard Cauchy distribution.
• Complementary log-log link: F is cdf of standard extreme value distribution.
For observed {(U i , z i ) : i = 1, 2, ..., n}, the likelihood function involves chosen structure of F −1 and maximum likelihood estimator for β is obtained through iterative re-weighted least squares. For details on connection of latent variable modelling with link functions see Cox(2018) , Albert and Chib(1993) and Banerjee and Biswas(2003) . Here we will apply some known methods for assessing suitability of link functions and simultaneously use cross validation to achieve desired level of predictive performance for the models.
Different measures of assessment
In order to assess performance of link functions tried in our case study, we shall employ well known assessment measures available in literature (see Tharwart, 2018) . In binary classification problems, prediction of one of the two classes (usually +ve and -ve) is based on a new set of Based on the confusion matrix, we consider the following four metrics:
E 1 : Accuracy rate = no. of correct classification sample size = T P + T N P + N E 2 : Sensitivity = no. of true positive classification total no. of positive classification = T P P E 3 : Specificity = no. of true negative classification total no. of negative classification = T N N E 1 is the simplest and commonly used measure and it is sensitive to imbalanced data. On the contrary E 2 and E 3 are not sensitive to imbalanced data. When mis-classifying true positive is more serious error than mis-classifying true negative, we should decide upon E 2 and for the opposite scenario, E 3 should be the metric to note. Along with these three, we also consider another popular assessment metric:
This measure is based on receiver operating characteristics (ROC) curve and overcomes the inability of the ROC in comparing different classifiers for being a scalar rather than a function itself.
On cross-validation methods
Since main reason for modelling here, is to predict probability of being happy, it is inevitable to subject the proposed models to rigorous cross validation for achieving perfection, in addition to the assessments discussed in last section. In this study, we implement three useful crossvalidation routines, briefly discussed below. For details on various cross-validation approaches and their relative performance, see section 5.1 of James et al.(2013) .
• Leave-p-out CV: This Method comprises of using p out of n observations as the validation set while the rest (n − p) observations are taken as training set. This exercise is repeated in all possible ways to partition a sample of n into two sets, one with p and the other with n − p elements. Obviously with large n and even moderate p, the number of validation sets n p may explode with n. For p = 1, this method reduces to Leave-one-out cross validation (LOOCV). In numerical study, we apply LOOCV and LPOCV with two different choices of p: Hold 75%-Leave 25% and Hold 50%-Leave 50%.
• k-fold CV: One way to avoid exhaustive CV method as above is to apply k-fold CV, where the sample is randomly partitioned into k sub-samples of same size. Out of these k sub-samples, one is taken as the validation set and rest are used for training. This process is repeated such that each of the k sub-sample are taken as training set. In numerical study, we perform this with k = 5 and k = 10.
A note on GWP survey
Gallup World Poll (GWP) conducted surveys over 160 countries since 2005 with 1000 sample (for large countries it can be of size 2000) of adult population semiannually, annually, and biennially . This survey includes almost 100 questions in a similar manner for the people of different region of world either through telephone (generally in the developed countries) for almost 30 minutes or direct interview (generally in developing countries) for almost 1 hour. World Happiness Report (WHR), 2018 used this GWP data for developing the happiness index, and modelling it with the covariates given and described in Table 5 . In accordance with the formulation given in section 2, we identify the factors which contribute positively towards happiness of migrants to be covariates for X and the remaining as covariates for Y and the same is given in column 3 of Table 5 .
Numerical study and findings
We consider four different but related data-sets for demonstrating the method of choosing the suitable link function or equivalently, latent stress-strength models. As mentioned in section 2, data-sets reporting happiness score with related covariates are available for different years.
Here, we consider these data-sets for 2015, 2016 and 2017. For stability, we synthetically reproduce another data-set with the current year happiness score along with the covariatevalues averaged over the years 2005 to 2017. The 2017 data-set contains information on 10 covariates (excluding positive effect and negative effect) while the other data-sets contain all 12 covariates. The working data-sets (https://worldhappiness.report/ed/2018/) have been used for ranking the countries according to the migrants' satisfactory level using the happiness score. As indicated in section 1 and section 2, we categorize the countries to be a good choice for migration from "happiness" perspective if the score is greater than or equal to 6. Remaining countries fall into the other category. Thus, the transformed binary response variable, U is as follows:
Obviously, the transformed variable U is response in the current study. Our main interest is to model P (U = 1) with available covariates using different link functions and to find out the most suitable one.
For each of the four data-sets discussed above, we compute different assessment metrics E 1 , E 2 , E 3 and E 4 with 5 cross-validation routine mentioned in section 4. The numerical results for years 2017, 2016, 2015 and the aggregate data are given in Table 1, Table 2, Table 3 and  Table 4 , respectively. For LOOCV, the metrics except E 1 cannot be calculated as, the single test sample will either be 1 or 0.
With respect to each metric of assessment, we identify the best-performing link function as the one which has the maximum number of rank 1 over all 5 cross-validation routines. Tie if any, is resolved by going to the next stage and checking for the next rank and so on. Using this scheme, we arrive at the following conclusions:
With respect to E 1 :
• For 2017, logit performs best followed by probit.
• For 2016, cauchit performs best followed by complementary log-log.
• For 2015, cauchit performs best followed by complementary log-log.
• For aggregate data, complementary log-log performs best followed by probit.
With respect to E 2 :
• For 2017, probit performs best followed by logit.
• For 2016, cauchit performs best followed by logit and probit.
• For 2015, cauchit performs best followed by logit.
• For aggregate data, logit performs best followed by probit.
With respect to E 3 :
• For 2017, complementary log-log performs best followed by cauchit.
• For 2016, cauchit and complementary log-log both performs equally well.
• For 2015, complementary log-log performs best followed by cauchit.
• For aggregate data, cauchit performs best followed by probit.
With respect to E 4 :
• For 2017, cauchit performs best followed by logit.
• For 2016, probit performs best followed by logit.
• For 2015, cauchit and complementary log-log performs equally well.
• For aggregate data, probit performs best followed by logit.
Overall it is observed that the cauchit link function is the best or second best in half of the cases followed by complementary log-log link. Practitioners of binary regression modelling should therefore give efforts to search for the best one from a set of available link functions for better inference and prediction.
Discussion
It is true that, there is a tendency among analysts to opt for logit link function while dealing with binary response modelling despite the fact that the distributional assumptions underlying such choice of link function may not hold very often. This has a potential of generating statistically incorrect findings and consequences may be costly in some domain of research. The findings of our investigation confirms the issue and highlights how different link functions come upfront surpassing the established myths with data from the same context and with respect to different periods and assessment metric. The data driven methodology to look for the best link function presented in this short case study aims to provide a meaningful way to address the issue. It is the residual of regressing national average of response to the GWP question "Have you donated money to a charity in the past month?" on GDP per capita.
Strength Corruption Perception
The measure is the national average of the survey responses to two questions in the GWP: "Is corruption widespread throughout the government or not" and "Is corruption widespread within businesses or not?" The overall perception is just the average of the two 0-or-1 responses.
Stress
Positive affect It is defined as the average of three positive affect measures in GWP: happiness, laugh and enjoyment in the Gallup World Poll waves 3-7. Strength
Negative affect It is defined as the average of three negative affect measures in GWP, worry, sadness and anger, Stress
Confidence in national government GWP asked the question that "Do you have confidence in each of the following, or not? How about the national government? Strength
Democratic and Delivery Quality
This is based on WGI, which accounts Voice and Accountability, Political Stability and Absence of Violence, Government Effectiveness, Regulatory Quality, Rule of Law, Control of Corruption. The indicators are on a scale roughly with mean zero and a standard deviation of 1. In WHR to reduce the dimensions to two using the simple average of the first two measures as an indicator of democratic quality, and the simple average of the other four measures as an indicator of delivery quality.
Strength

